Evidence for the emergence of twisted flux tubes into the solar atmosphere has, so far, come from indirect signatures. In this work, we investigate directly the topological input of twisted flux tube emergence by studying helicity and winding fluxes. In magnetohydrodynamic simulations with domains spanning from the top of the convection zone to the lower corona, we simulate the emergence of twisted flux tubes with a range of different initial field strengths. One important feature of this work is the inclusion of a convectively unstable layer beneath the photosphere. We find approximately self-similar behaviour in the helicity input for the different field strengths considered. As the tubes rise and reach the photosphere, there is a strong input of negative helicity since we consider left-handed twisted tubes. This phase is then followed by a reduction of the negative input and, for low initial field strengths, a net positive helicity input. This phase corresponds to the growing influence of convection on the field and the development of serpentine field structures during emergence. The winding flux can be used to detect when the twisted cores of the tubes reach the photosphere but this signature does not exhibit self-similar behaviour across the range of initial field strengths. In short, the helicity and winding fluxes can provide much information about how a magnetic field emerges that is not directly available from other sources, such as magnetograms.
Introduction
The idea of magnetic flux tubes rising through the convection zone to form bipolar active regions is long-standing (e.g. Cowling 1946 , Jensen 1955 , Parker 1955 . The magnetic field lines in a rising flux tube are, generally, considered to be highly twisted for the simple reason that a tube needs to survive the destructive effects of convection (e.g. Fan et al. 2003 , Abbett et al. 2004 , Bushby and Archontis 2012 . Apart from this requirement, there is some observational evidence that suggests twisted flux tube emergence may be responsible for the formation of certain active regions (Poisson et al. 2015 (Poisson et al. , 2016 . In this paper we will assume that solar active regions are formed by twisted flux tubes that rise to the photosphere and describe procedures that can be used to test this assumption. For an alternative theory on active region formation see, for example, Brandenburg et al. (2010) , Kemel et al. (2013) and Mitra et al. (2014) .
Another appealing aspect of active regions being formed by twisted flux tubes is that twisted flux tubes provide an obvious source of magnetic helicity, which is important for the formation of eruptions. Since we cannot measure the magnetic field directly in the solar atmosphere, we require a robust method of indicating if strongly twisted magnetic field emerges. In this paper, we show that direct evidence of twisted flux tube emergence can be found by considering two quantities related to magnetic field topology: helicity flux and winding flux. The first of these quantities, the helicity flux, describes the amount of relative magnetic helicity passing through the photosphere and is used widely in both theoretical and observational studies (e.g. Berger 1984 , 1988 , Démoulin and Berger 2003 , Prior and MacTaggart 2019 , Pariat 2019 ). The second quantity, the winding flux, is a purely topological quantity that represents the average winding of magnetic field lines. It is identical in form to the helicity flux except that the magnetic field weighting is removed. The winding can be used to quantify reconnective activity in magnetic fields (Prior and Yeates 2018) . We will describe these quantities in more detail later.
Simulations of twisted flux tube emergence have typically led to single signs for both the helicity rate and the total helicity input through the photosphere (e.g. Yang et al. 2013 , Moraitis et al. 2014 , Sturrock and Hood 2016 . However, helicity input time series calculated from photospheric vector magnetograms have typically shown a far more mixed behaviour. For example, there are cases of bipolar emergence whose net helicity input has a consistent sign but whose input rate can vary in sign, as in Kusano et al. (2002) and Chae et al. (2004) , or even the case where the total helicity input varies in sign, such as in Chae (2001) and Vemareddy and Démoulin (2017) . There is a clear need to attempt to explain this disparity through flux emergence simulations.
On this front, Prior and MacTaggart (2019) simulated the emergence of both twisted and 'mixed helicity' magnetic fields (fields with balanced but spatially varying negative and positve twisting). First, it was shown that in both cases mixed helicity input rates were possible. In the twisted tube case this was due to the core of the flux rope becoming trapped at the photosphere. In the mixed helicity case, it was due to a combination of the field's inherently mixed topology as well as emergence and subergence events. A second important aspect of the results of Prior and MacTaggart (2019) was to demonstrate that an examination of the winding, both the time series and density maps, in conjunction with the helicity, allows for a much more detailed interpretation of behaviour at the photosphere. One particular result was a clear jump in the winding time series indicating the emergence of the twisted core of the flux tube above the photospheric boundary. This result is important as it provides a clear signal that magnetic field of substantial twist has entered the solar atmosphere, something that is not clear from only examining the helicity data or other sources, such as magnetograms.
In this paper, we extend the work of Prior and MacTaggart (2019) by including a convectively unstable solar interior. Since our focus is on the emergence of twisted flux tubes, we will be able to test if this field line topology, in conjunction with the effects of convection, is enough to lead to mixed sign helicity signatures. We also aim to describe what clear signatures (if any) arise in the helicity and winding data that can give a clear indication that significant twist has entered the solar atmosphere.
The outline of the paper is as follows, first, the main equations and simulation setup are described. This section is followed by a description of the helicity and winding fluxes. Then, the analyses of the simulations are presented in detail and the paper concludes with a summary and a discussion. To model the large-scale behaviour of an emerging active region, we solve the compressible and ideal MHD equations using a Lagrangian remap scheme Arber et al. (2001) . In dimensionless form, the MHD equations are
with specific energy density
The basic variables are the density ρ, the pressure p, the magnetic induction B (referred to as the magnetic field) and the velocity u. The gravitational acceleration is denoted g (uniform in the z-direction) and γ = 5/3 is the ratio of specific heats. The dimensionless temperature T can be found from
The variables are made dimensionless against photospheric values, namely, pressure p ph = 1.4 × 10 4 Pa; density ρ ph = 2 × 10 −4 kg m −3 ; scale height H ph = 170 km; surface gravity g ph = 2.7 × 10 2 m s −2 ; speed u ph = 6.8 km s −1 ; time t ph = 25 s; magnetic field strength B ph = 1.3 × 10 3 G and temperature T ph = 5.6 × 10 3 K. In the non-dimensionalization of the temperature we use a gas constant R = 8.3 × 10 3 m 2 s −2 K −1 and a mean molecular weight µ = 1. The fluid viscosity tensor and the viscous contribution to the energy equation are respectively
where
is the symmetric part of the rate of strain tensor and I is the identity tensor. We take µ = 10 −4 and use this form of viscosity primarily to aid stability. The code accurately resolves shocks by using a combination of shock viscosity (Wilkins 1980) and Van Leer flux limiters (Van Leer 1979) , which add heating terms to the energy equation. From now on, values will be expressed in non-dimensional form unless explicitly stated otherwise. The last term in equation (4) represents the non-adiabatic contribution to the energy of the plasma. Following Leake and Arber (2006) , we model this complex collection of physical phenomena using a simple Newton cooling term throughout the domain above the photosphere (see below for how the photospheric boundary is defined). The purpose of this term is to preserve the photosphere from being destroyed by the solar interior, which is convectively unstable (we will return to this point shortly). At t = 0 of the simulation, ε = ε 0 and the Newton cooling term forces the energy profile above the photosphere to return to this initial state on a fast time scale of τ = 0.5.
Initial conditions

Background atmosphere and convective perturbation
At the start of the simulations, the computational domain is filled by a plane-parallel atmosphere that represents the solar atmosphere ranging from the top of the solar interior (convection zone) to the corona. The temperature profile above the lower boundary of the photosphere (z = 0) is given by
where the three rows in equation (9) correspond to the photosphere/chromosphere, the transition region and the corona respectively. The other state variables, pressure and density, are found by solving the hydrostatic equation in conjunction with the ideal equation of state dp dz = −ρg, p = ρT.
The initial atmosphere described above is common to many idealized flux emergence simulations (Hood et al. 2012) . In this study, we also consider a solar interior that is convectively unstable. To achieve this in our idealized setup, the Schwarzchild condition (e.g. Hood 2009, Priest 2014) states that a convective instability will set in for an adiabatic fluid if the following criterion (written in our notation) is satisfied,
In the solar interior (z < 0) we consider an initial temperature profile of
where δ is a non-dimensional parameter used to satisfy condition (11). In this paper we take δ = 1.3 as this value leads to convection that has velocity magnitudes that are close to those of solar convection. Our purpose here is to investigate, incrementally, the effect of convection on topological signatures and compare the results to previous work in Prior and MacTaggart (2019) where convection is not included. We excite a stable mode of convection with hexagonal cells based on the solution in Christopherson (1940) (see also Chandrasekhar (1961) ). At t = 0, the velocity is perturbed as 
Magnetic field
To model a magnetic flux tube, we adopt the standard profile for a cylindrical flux tube with uniform twist (e.g. Fan 2001) . In cylindrical coordinates (r, θ, y), with r 2 = x 2 + (z − z axis ) 2 , the magnetic field components are
where B 0 is the axial field strength, d is the flux tube radius and α is the field line twist.
In this paper, we fix d = 3 and α = −0.4 (left-handed twist). We consider a range of field strengths B 0 = 3, 5 and 7.
The magnetic field in (14) is not force-free and is balanced by a pressure gradient, i.e.
where p m is an additional pressure compared to the background hydrostatic pressure p b such that p = p b + p m . For the magnetic field in (14), the additional pressure has the form
In order to make the flux tube rise up buoyantly towards the photosphere, we introduce a density deficit within the tube of the form
where the ρ m is the density deficit, ρ b is the background hydrostatic density and λ is a parameter that allows the flux tube to rise in the shape of an Ω-loop. Here we fix λ = 20. The flux tube is placed initially at z axis = −15. Since the density deficit is proportional to B 2 0 , the rise times will vary for the values that we consider. The initial position of the tube axis is is deep enough, however, for the flux tube to encounter fully developed convection before reaching the photosphere. The formula for the flux of relative helicity H through a planar boundary P is
Simulation parameters
where the angle θ between points a 1 , a 2 ∈ P is
and {e x , e y , e z } is a basis of Cartesian space with e z normal to P . The position a of a magnetic field line intersecting P and satisfying ideal MHD is given by
where u and B are the projections of u and B onto P . Equation (18) is discussed at length, including its derivation and interpretation, in many other works (Berger 1984 , Pariat et al. 2005 , Prior and MacTaggart 2019 . In short, however, equation (18) represents the rate of field line entanglement weighted by magnetic flux.
Analogous to equation (18) is the definition of the winding flux,
Similar to the helicity flux, the rate dL/dt measures the change of field line entanglement passing through P . However, unlike dH/dt, the winding rate is not weighted by magnetic flux and thus represents a purely topological measure of the magnetic field. For example, consider a magnetic field with a complex field line topology but with very weak field strength. The helicity of such a magnetic field could be low but its winding high since the winding does not 'read' the field strength. Although the winding can pick up more topological detail than the helicity, there is the danger it that picks up weak field with complex topology that does not play a significant dynamical role (such field would be essentially ignored by helicity due to the weak field strength). In practice, it is important to test winding results against cut-off values in order to determine if results are dynamically important. Therefore, equation (22) is modified to
where is a chosen cut-off. In this paper, we will consider a cut-off of = 0.01. Even with cut-off values, the analysis of the winding flux must be performed with care, as will be made apparent when we describe the simulation analysis.
Related quantities
The helicity and winding rates of equations (18) and (21) respectively provide time series data. Times series of the actual helicity and winding input can be produced from the time integration of the rates, i.e.
Spatial information about the distribution of helicity and winding can be found by determining the contribution of one point a 0 ∈ P to the rate. Since a 0 represents the intersection of a field line with P , this quantity represents the contribution of one field line to the helicity or winding input rate. Repeating this calculation for a large set of a 0 produces a map of how the helicity or widing rate is distributed spatially. For helicity, the field line helicity input rate is
and, similarly, for the winding rate,
There are a number of additional analyses that we could potentially perform on the distributions (25) and (26) such as combining components through field line connectivity. However, they do not feature in our analysis here for reasons discussed in detail in Prior and MacTaggart (2019).
Accounting for a changing photosphere
Following Prior and MacTaggart (2019), we calculate approximate helicity and winding fluxes by projecting values from a non-planar and evolving photosphere onto P . This process is intended to mimic what actual observations are recording. In Prior and MacTaggart (2019) , the photospheric boundary was taken to be the surface where ρ = 1, which represents the photosphere in the initial condition. As the simulation evolved and the flux tube emergence led to the rise and churn of dense plasma from below the location of the initial ρ = 1 surface, the surface became deformed. The field was sampled on this evolving surface and then projected onto P to represent the production of planar vector magnetograms used in observational helicity studies. Due to the inclusion of convection in this study, this simple approach is no longer applicable as the ρ = 1 surface can become multi-valued. To account for this multi-valued structure and the fact the photosphere is really a thin volume instead of a surface (with a depth of approximately 100 km (Muller 1975 )), we calculate 'photospherically averaged' magnetic field values as
and similarly for the velocity field. The idea is that the above average is calculated for a range of values whose density is suitably close to ρ = 1. The exponential weighting is chosen so that the density values that affect the average significantly are those that, with respect to the initial condition (determined by equation (9) in conjunction with equations (10)), correspond (approximately) to a vertical extent of 100km which contains ρ = 1 at is centre. The domain [z min , z max ] is chosen here to be [−7.5, 7.5], i.e. suitably large to always contain the required density range. Whilst the photospheric domain deforms (and its vertical width varies) it corresponds to a consistent range of densities. In what follows we drop the hat from equation (27). It will be assumed, unless stated otherwise, that the magnetic and velocity fields used to construct the time series inputs (18), (21), (24) and the distributions (25), (26) are averages, calculated using (27). For comparison, in the B 0 = 3 simulation, we calculate a non-varying equivalent B F = B(x, y, 0) which ignores the varying density of the plasma. When this field choice is used it will be made explicitly clear.
Simulation analysis
We now present a detailed analysis of the simulations, considering each initial field strength in turn. Since there are similarities between the cases, we will describe the B 0 = 7 case in detail and only focus on specific highlights and differences for the B 0 = 3, 5 cases. For the basic properties of flux emergence, we refer the reader to the reviews by Hood et al. (2012) and Cheung and Isobe (2014) . Our focus here is on how to interpret the topological signatures associated with emergence.
The helicity input rate dH/dt is shown in Figure 1(a) . For most of the emergence period shown, the input is negative. This result is to be expected for a left-handed twisted flux rope. After t = 65, however, the rate is overall positive. This input pattern has the obvious effect of inputting overall negative helicity into the atmosphere as indicated in Figure 1(b) .
The winding input rate dL/dt, shown in Figure 1 (c), is on average negative with a number of sharp spikes whose origin we will characterize shortly. The result is a net input of negative Figure 1 , we will compare these results to those of Prior and MacTaggart (2019) where twisted flux tube emergence was studied in an atmosphere with a convectively stable solar interior. Making this comparison will help us assess the effects of convection on the topological signatures.
First, we point out that the magnetic field model used in this paper is different to that used in Prior and MacTaggart (2019) . Here, a cylindrical tube is used rather than a toroidal tube. Although the emergence behaviours of these two magnetic field models are different (MacTaggart and Hood 2009), we will show that convection plays a fundamental role in determining the shape of the time series. For the benefit of the reader, let us recap briefly the main results for twisted tube emergence from Prior and MacTaggart (2019) (see their Figure  11 in particular). First, the helicity rate exhibited an oscillatory character that was due to the flux rope core oscillating at the photosphere. The helicity input continued to become more negative in time. The winding rate contained small oscillations and one significant spike. The winding input had a 'step function' profile meaning that once most the twisted core of the flux tube emerged, there was little new topological complexity input into the atmosphere after this event. With the above picture in mind, we will now investigate how the time series in Figure 1 differ from this picture.
Snapshots of the field at various times during its emergence are shown in Figure 2 . At t = 30 (Figures 2(a) and (b) ) the field is seen to have only just emerged above the ρ = 1 surface. By t = 50, the field has emerged much further into the atmosphere. (f), we see that the field has developed a strong 'serpentine' structure with field lines submerging and re-emerging at several points. This behaviour is commonly observed in nonlinear force-free coronal field extrapolations (e.g. Pariat et al. 2004 , Pariat et al. 2009 , Harra et al. 2010 , Valori et al. 2012 and is highlighted in Figure 2 (e) which shows seed points at one side of the region and field lines, emanating from these point, submerging and emerging throughout the active region. The serpentine behaviour is further indicated in Figure 2 (f) where the field lines are coloured by field strength and several loops of significantly strong field strength are present below the photosphere. Such behaviour is not found in non-convective simulations. Magnetograms (of B z ) of the emerging field, at the times shown in Figure 2 , are displayed in Figure 3 . These magnetograms exhibit many features that are similar to those from nonconvective simulations. There are, however, some important differences due to convection. At t = 30 in Figure 3(a) , the field has just reached above the photosphere and there is no clear signal of twisted field. There is some disruption of the field due to convection cells. By t = 50 in Figure 3(b) , the sigmoidal pattern (e.g. Fan and Gibson 2004, Archontis et al. 2009 ) of the twisted field has emerged and some disruption due to convection is evident (particularly around the edge of the region). At t = 80 in Figure 3(c) , we see many more smaller-scale positive and negative flux features surrounding the sigmoid, indicative of the serpentine behaviour displayed in Figure 2 .
To summarize the results so far, as the field emerges through the photosphere and expands into the atmosphere, it becomes more susceptible to deformation by convection (since the field strength is, overall, becoming weaker). The action of convection is to create a serpentine structure by pulling loops of magnetic field beneath the photosphere. Evidence for this behaviour is shown in field line plots (Figure 2 ) and magnetograms (Figure 3) . The question now is how to relate this behaviour to the topological information given in Figure 1 ? To proceed, we will focus on the helicity first and then the winding. 4.1.1. Helicity evolution point in the helicity flux coincides with the development of serpentine field lines driven by convection. By examining specific features in detail, we will now show that convection is ultimately responsible for the turning point in the helicity time series. Figure 4 shows the field line helicity rate distributions dH(a 0 )/dt for times representing key phases in the helicity evolution. Figures 4(a-c) reveal an evolution that is similar qualitatively to that found in non-convective simulations. As the magnetic field first reaches the photosphere (Figure 4(a) ), there is an approximate balance of positive and negative helicity (although in this case, convection helps to create a slight bias of positive helicity). Later (Figure 4(b) ), as emergence of the tube with left-handed twist proceeds, the helicity rate distribution is dominated, naturally, by negative helicity. Later still (Figure 4(c) ), the twisted core of the flux tube reaches the photosphere and this feature dominates the negative helicity rate signature. Although the band of negative helicity rate density, representing the twisted core, follows the sigmoidal polarity inversion line clearly, it also shows locations of disruption, particularly near (0,0). At t = 76 (Figure 4(d) ) the band of negative helicity rate density has been distorted significantly, although the regions of positive helicity rate density at y = ±40 persist. To investigate what causes the features in the helicity rate map in Figure 4(d) , we investigate the behaviour of other quantities in the locations of particular helicity features. Figure 5 displays slices (the x-z plane) of various quantities at y = 30 and t = 76, corresponding to a region of strong positive helicity rate (as shown in Figure 4(d) ). Figure 5 (a) displays a map of e y ·∇ × B, vector arrows of the in-plane magnetic field and photospheric boundaries corresponding to ρ = 1 (green) and ρ =0.8, 1.2 (cyan). The twisted core of the emerged flux tube can be seen far above the photospheric boundary in Figure 5(a) . Just below the photospheric boundary at x ≈ −15, there are strong currents of both signs. Further left at x ≈ −20, there is a thin region of strong downward pointing magnetic field, indicative of the serpentine behaviour visualized in Figure 2 (f). Figure 5 (b) shows a map of the plasma β (= 2p/|B| 2 ) and vector arrows of the in-plane magnetic field. In the region just below the photosphere at x ≈ −15, the plasma β varies between 2 and 8, with a complex mixing pattern that suggests a competition for dominance between the plasma and magnetic forces. The plasma β is significantly low for part of the region in which there is a strong downward pointing field at x ≈ −20. This value, however, quickly shifts to a much higher plasma β even where the magnetic field is still strong. This suggests that plasma motions (due to convection) are pulling down magnetic loops. This conclusion is backed by the behaviour displayed in Figure 5 (c), which displays a map of u z and the in-plane B-vectors. In the thin region of downward-pointing field at x ≈ −20, there are strong downward flows coincident with the location where the plasma β rises sharply. In the mixed current region at x ≈ −15, there is a strong correlation between the vertical component of the magnetic field and the sign of u z , where β ≈ 5. This evidence points strongly to plasma motions in the convectively unstable layer generating the topological complexity of the later-stage magnetic field evolution. Figure 6 shows the same quantities (in the same format) as Figure 5 for y = 10. This slice corresponds to a region of strong negative helicity rate density, as shown in Figure 4 (d). In Figure 6 (a), the flux rope core is found at the photospheric boundary at x ≈ −13. Below the photospheric boundary, there are strong currents of both signs, similar to the situation at y = 30 in Figure 5 . At x ≈ −25 and below the flux tube core there is a strong upwardpointing magnetic field (more distorted and with more complex current structure than in the y = 30 case) that is another example of the serpentine loop structure. In Figure 6 (b), there is a 'pocket' of very strong plasma β at the base of the flux tube core at the photosphere. In Figure 6 (c), the vertical direction of the magnetic field correlates strongly with the direction of u z . Also, to the left of the twisted core, magnetic field is being pulled down in a similar way to the case at y = 30. These results add weight to our claim that convection is primarily responsible for the increased topological complexity with time. Further, the flux rope core itself behaves in a serpentine manner, being both fully emerged and submerged at various locations.
One less obvious feature of the helicity rate density maps is the appearance of small bipoles. We will now focus on one of these features at y = 14, just above the region of strong negative dH(a 0 )/dt (see Figure 4(d) ). As shown in Figure 7 , the region of interest corresponds to two regions of much lower density (on the z = 0 plane) compared to the surrounding area. These two regions indicate downward spikes in the photospheric boundary exactly where the serpentine field enters and leaves the photosphere. A careful comparison of the helicity rate distribution in Figure 4 Figure 8(a) , the photospheric boundary dips significantly around the central twisted core, which is almost completely below the photospheric boundary. From Figure 8(b) , the plasma β at the twisted core is high compared to the two dips either side of it, where there is very low plasma β and relatively strong upward and downward pointing magnetic field. Figure 8(c) confirms that the dips on either side of the core are being pulled down. The bipolar signature in the helicity rate maps can now be understood with reference to the field line emergence velocity in equation (20), namely −u z B /B z . With |B | > 0 and u z < 0 for both dips, the changing sign of B z in the dips results in the observed bipolar structure.
All of the features that we have investigated in this section point strongly towards convection deforming the magnetic field and changing the behaviour of the helicity input. At the start of emergence, the tube is affected by convection but is still strong enough to resist significant deformation. Later, as the field expands into the atmosphere, it becomes weaker and thus more prone to deformation by convection (in combination with other common effects associated with emergence, such a plasma drainage).
Winding spikes
The first spike in the winding rate series in Figure 1 (c) at t = 34, which is negative, can be traced to the arrival of the flux tube's core at the photosphere. Figure 9 displays the winding rate distribution dL(a 0 )/dt at t = 35, just after the spike in the winding series. There is a clear sigmoidal band of negative winding rate input that corresponds to the twisted core reaching the photosphere (we will show that this is the case in more detail shortly). This clear signal of the twisted core is not clearly visible at this stage in the dH(a 0 )/dt maps, since the magnetic flux of the twisted core at the photosphere, at this stage, is relatively weak compared to later times. What is observed in Figure 9 that is not seen in the helicity rate maps, is a clear signature in the convection cells far from the active region. Weak magnetic field carried far from the tube by convection is detected by the winding signature, with positive winding dominant in the lanes between cells and negative winding on the cell faces.
Returning to the twisted core, a similar spike in the winding rate was observed in Prior and MacTaggart (2019) . In that study the spike was found to correlate with a sharp drop in the ρ = 1 photospheric surface, spatially localized in the region of the core. In Figure 10(a) , which corresponds to t = 34 at y = 0, we see the twisted core of the magnetic field at the photosphere. In Figures 10(b-d) , we see the evolution of the ρ = 1 photospheric surface from Helicity and winding fluxes in flux emergence Figure 9 . The distribution of dL(a 0 )/dt on the photospheric boundary at t = 35. t = 33-35. From t = 33 to t = 34 there is a significant sharpening of the peak of the ρ = 1 curve, which would correspond to a relatively large effective input of negatively twisted field. From t = 34 to t = 35, the change is much less significant (although an additional disjoint surface forms). The evidence from Figures 9 and 10 confirms that the first winding rate spike in Figure 1 (c) corresponds to the emergence of the twisted core just above the photospheric boundary.
In the non-convective simulation of Prior and MacTaggart (2019) , there was one significant spike in the winding rate time series, corresponding to the twisted core passing the photospheric boundary. After this event, there were no more significant spikes, which indicates that no more field with significant topological complexity crossed the photosphere. In the present work, however, this is not the case and there are several spikes, both positive and negative, in the winding rate time series. By comparing Figures 1(a) and (c), the second large winding rate spike is coincident with the turning point in the helicity rate. We established earlier that the change from negative to positive growth in the helicity time series is due to the effects of convection having a growing influence in deforming the flux tube. All the winding rate spikes after the first are associated with the effects of convection deforming the magnetic field. None of the winding spikes after the first correspond to important large-scale dynamical effects. These spikes are due to the transport of small-scale weak field, which is topologically complex, across the photospheric boundary.
The helicity time series in Figures 11(a) and (b) are qualitatively similar to those of the B 0 = 7 case. The bulk of the input is negative, corresponding to the left-handed twisted flux tube, with a switch to positive input after t = 70. Again, we will show that this turning point in the helicity input series is due to the effects of convection.
In the winding time series in Figures 11(c) and (d), there are some clear differences between the series with and without the cut-off. There are also significant differences between these series and those of the B 0 = 7 case. We will examine the winding series in more detail but first, we present an overview of the global behaviour of emergence, as we did for the B 0 = 7 case. Figure 12 displays snaphots of magnetic field lines during various stages of emergence (the format is the same as Figure 2) . The general evolution, at first glance, is very similar to that of the B 0 = 7. The development of serpentine field lines is particularly clear in Figure 12(f) . Figure 13 displays maps of the field line helicity input rate dH(a 0 )/dt at various times during emergence. Again, the overall evolution is very similar to the B 0 = 7 case, as shown in Figure 4 . Compared to the B 0 = 7 case, the flux tube has weaker field strength and takes longer to reach the photosphere. Both these facts allow convection to deform the magnetic field to a greater extent than the B 0 = 7 case. We now investigate the greater effect of convection on the B 0 = 5 case compared to the B 0 = 7 case.
Winding behaviour
In Figure 1 (c) of the B 0 = 7 case, the first spike in the winding rate time series is due to the arrival of the twisted core at the photospheric boundary. This event corresponds to a jump in the winding input in Figure 1(d) . In Figure 11 (c), there is a positive spike at t = 32, whose magnitude is reduced greatly once the cut-off is applied. Focussing on the time series with the cut-off, the winding rate becomes negative after this spike and remains negative for the rest of the simulation time. The winding input gradually becomes more negative, with one large 'jump' at t = 69 which we will return to shortly. The confusing signature of a positive spike at t = 32 with no cut-off and a change from zero to negative input with the cut-off, can be explained by considering the maps of dL(a 0 )/dt shown in Figure 14 .
In Figure 14 (a) at t = 32 (just before the positive spike in Figure 11 (c)), the (negative) twisted core can be seen in an expanded convection cell. There are also many positive signatures, however, due to the greater influence of convection. These positive winding rates have strong enough values to dominate the winding and helicity rates in this period, leading to net positive inputs in both quantities. When the cut-off is included, however, almost all of these positive winding rates are removed from the calculation. As the flux tube continues to rise and flux begins to pile up at the photosphere, the winding and helicity then both become negative. In Figure 14 (b) at the later time of t = 41, enough of the twisted core has reached the photosphere in order to produce a signature similar to that in Figure 9 for the B 0 = 7 case. The arrival of the twisted core at the photosphere is also more gradual compared to the B 0 = 7 case. Hence, there is no obvious jump in the winding input in Figure 11 (d) as there was in Figure 1(d) .
At t = 69 in Figure 11 (c), the winding rate time series, with and without the cut-off, diverge in their behaviour. The series without the cut-off becomes more positive, whereas the other becomes more negative and produces a visible jump in the winding input in Figure 11 (d).
Comparison with Figure 11 (b) shows that the behaviour in the winding input at t = 69 is almost coincident with the turning point in the helicity input, which is related to the growing development of serpentine field structures. Upon investigation, we find that the behaviour of the winding input at this time does not correspond to any significant dynamical effect. In short, convection acts to distort some weak but topologically complicated magnetic field. As this field passes the photosphere, its topological signature is picked up by the winding. This rapidly changing behaviour is noticeably absent from the helicity input, which includes a weighting of magnetic flux. This event shows that although the winding signature can reveal more detailed information in conjunction with the helicity, the physical importance of the winding output requires careful analysis.
Serpentine core
As for the B 0 = 7 case, the core of the B 0 = 5 case flux tube also develops a serpentine structure. In Figures 13(c) and (d) , the negative sigmoidal band corresponding to the twisted core appears much weaker near the centres of these maps at (0, 0). The reason can be seen to be due to serpentine emergence by examining slices through the domain. Figure 15 shows two such slices. In Figure 15 (a) a slice at y = 0 displays a map of e y ·∇ × B and a projection of B-field vectors onto the plane. The main part of the twisted core is seen clearly above the photospheric surface (indicated by the red line). In Figure 15 (b), the same variables are shown but now at y = 10. Here, the twisted core is held at the photospheric boundary, as suggested by Figures 13(b) and (c). The helicity input rate dH/dt for the B 0 = 3 case is shown in Figure 16 (a). It is qualitatively similar to the B 0 = 5, 7 cases in that there is a negative helicity input rate associated with the initial emergence of the negatively twisted flux rope, which later changes to positive input. However, in this case the positive input period is much more significant than the negative input stage, as indicated by a positive net helicity input over the simulation period ( Figure  16(b) ). The winding rate and total input, shown in Figures 16(c) and (d) indicate, in addition to the spike of emergence of the flux tube core at the photosphere, a steady input of negative The red curves represent the intersection of the slices with the ρ = 1 surface. In (a), the intercept with the y-axis is at y = 0 and the tube's core is above the ρ = 1 line. In (b), the intercept with the y-axis is at y = 10 and the tube's core is centered at the ρ = 1 line.
field line topology. The results of Figure 16 suggest the following summary: the twisted core reaches the photosphere, inputs negative winding into the atmopshere and, due to the tube's relatively weak field strength, is deformed significantly by convection. This conclusion is verified in Figure 17 . In Figures 17(a) and (b), corresponding to t = 55, we see visualizations of field lines when the helicity rate has its most negative value. Here, the twisted core has reached the photosphere but the magnetic field does not emerge into the atmosphere as much as the two stronger cases. This slower emergence has also been found in non-convective models (Murray et al. 2006) .
At t = 75 (Figures 17(c) and (d)) we see the formation of serpentine structures in the emerging field, similar to the B 0 = 5, 7 cases. By t = 98 (Figures 17(e) and (f) ) the field has emerged much more extensively into the transition region and retains a significantly complex serpentine like structure. In Figure 17 (f), regions of strong field strength can been seen clearly beneath dips in the photospheric surface. These features are clear signatures of how convection deforms the magnetic field, particularly for this weaker tube.
Fixed photosphere
As stated earlier, we now show an example of the helicity and winding time series calculated using a fixed planar photosphere at z = 0. The results are shown in Figure 18 . Figure 18 (c), until the winding input effectively levels off. The start of this phase corresponds to increased negative helicity input in Figure 18 (b) and represents the main core of the flux tube passing the photosphere. Once most of the twisted flux tube has passed the z = 0, there is no more topological input above this plane and the winding input levels off. This picture is similar to the situation found in the no-convective simulation of Prior and MacTaggart (2019) .
Although the winding time series with and without the cut-off are qualitatively similar, there are significant quantitative differences. This example shows the importance of testing the winding results using cut-off thresholds.
Summary and discussion
In this work we have analyzed helicity and winding fluxes in simulations of twisted flux tube emergence with a range of different initial field strengths. In particular, we have focused on the effect of convection on the topological quantities and have compared the results to those of other work that does not include convection. In the present study, we can pick out some general results:
1. Convective flows act to pull down sections of the emerging field, leading to a more complex serpentine field line connectivity at the photospheric surface than typically observed for non-convective flux rope simulations. This effect also leads to a reversal in sign of the rate of helicity input dH/dt. In the case of the weaker magnetic field strengths, this effect further acts to lead to a change in sign of the net helicity input H(t). Thus mixed input time series can be produced by single sign helicity flux ropes if convection is accounted for. The strength of the field appears to dictate the degree of this serpentine structure and its effect on the helicity input series. 2. As was found in Prior and MacTaggart (2019) , the winding input rate time series tends to exhibit spikes when structures of significant topology pass into the photospheric region. With the inclusion of convection in the model, the winding signature still provides a clear signature for the arrival of the twisted core at the photosphere and, therefore, the emergence of twisted field into the solar atmosphere. A combination of winding time series and distributions can be used to establish this signature. 3. The winding input rate dL/dt and net input rate L(t), which are independent of any magnetic field strength weighting, are not so influenced by the general downward pulling of the field by convective flows. Thus the winding series generally show a steady input of negative topology, concordant with the flux tube's initial structure. 4. Some spikes in the winding rate time series correspond to small parts of the magnetic field which, although have a complex field line topology, are insignificant dynamically. Care must be taken when calculating winding signatures and it is important to crossreference results from time series with distributions of dL(a 0 )/dt and other helicity results. 5. Analyzing helicity and winding signatures together provides a much more detailed picture of the initial stages of active region emergence into the solar atmosphere.
Throughout this work we have made comparisons to the non-convective emergence simulation in Prior and MacTaggart (2019) . Although the behaviour of emergence in this work exhibits significant differences compared to that in Prior and MacTaggart (2019) , the applicability of both helicity and winding signatures in identifying key events, still holds. In particular, the field line winding continues to give a clear signal of the arrival of twisted field in the solar atmosphere.
We plan to extend this work in three directions. The first is to analyze the helicity and winding rates in observations and, in particular, determine early-warning signatures for possible eruptions. The second is to study the topological signatures of the emergence of magnetic field structures different from twisted flux tubes, such as 'mixed helicity' fields (Prior and MacTaggart 2019) . The third avenue that we will pursue is to examine how helicity and winding signatures can be used to interpret more advanced stages of emergence, including the onset of eruptions.
Results were obtained using the ARCHIE-WeSt High Performance Computer (www.archiewest.ac.uk) based at the University of Strathclyde.
